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I. INTRODUCTION
The purpose of this thesis is to find necessary and suf ficient conditions for the existence of coefficient integral domains containing the base field in commutative algebras, in particular, coefficient fields containing the base field in quasi-local algebras. The essential method of attack we use is the known theory of integral domain composites and tensor products.
We now give various current definitions of local algebras. We do not restrict ourselves to quasi-local algebras, but consider more general cases. Before continuing, we need the following basic definitions.
Let A be an algebra over a field K where A is a commuta tive ring with identity such that the identity of A is the identity of K. A always satisfies these conditions through out this thesis.
The characteristic of the base field K is not restricted except when we assume that a field is pure inseparable over K. Then, of course, K has characteristic p / 0.
Let f be a function of a set A onto a set B. By a counter image of a set C in B, we mean a set C 1 < A such that f(C') -C and f|C 1 (f restricted to C 1 ) is one-one. We should remark that Definitions 1.5 and 1.6 are equivalent. Hence, we refer to both definitions in the course of this work. When we refer to the splitting of a ring other than A, the splitting always takes place with respect to a specified ideal as in Definition 1.6. That is,"~~ there is an integral domain (containing K) in this ring which maps one-one onto A/N under a specified mapping. The ideal is the kernel of this mapping.
If N is a maximal ideal in A, then certain obvious modifications of Definitions 1.5 and 1.6 are in order. I becomes a field containing K, and we refer to I as a coef ficient field. In this case, v 11 is automatically one-one.
All rings which are considered in this thesis, unless otherwise specified, are assumed to contain the field K as subring. It is furthermore assumed that the identity of K is also the identity of each of the rings.
If Fq and
are subrings of a ring F, we denote by [Fq , Fj] Proof. The proof is immediate from Corollary 2.9 and the remark following it.
The next three results hold if we replace "Theorem 2.8"
by "Theorem 2.11" and "coefficient integral domain" by "coefficient field". A has a coefficient integral domain (coefficient field).
Proof. We have that A 1 has a commutative diagram.
Since T has no nilpotent elements, Ker f = (0). Since f = agh, g is one-one. Thus A' is a coefficient integral
We see that we again can apply Theorem 2.5 by noticing that (0) = ker f < Ker h = (0) and that T/Ker f splits with respect to Ker f/Ker f since T ic isomorphic to (A/N, Tq , t^).
We conclude this section by stating some cases for which T has no nilpotent elements. The following subdiagram of Diagrams 3 and 4 is helpful for the remainder of the proof.
Let q^ be the isomorphism of J' onto A*/N* induced by g", g 1 , and q^. Then, let q^ be the isomorphism of onto A*/N* induced by q£ , q4|J^, and
We now come to the principal result of this section. Recall that Remark 2.15 gives some sufficient conditions for FQ x F^ to have no nilpotent elements or to be an integral domain.
C. Conditions for A* to Be a Quasi-local Algebra
We conclude this chapter by giving some sufficient con ditions for A* to be a quasi-local algebra over K. It is assumed in this section that K has characteristic p / 0. Since N is a nil ideal, there exists an integer e such that e e e e e e , n^ = 0. Thus, l* 3 = n* 3 + n 1 ^ or 1 = n ' ^ = n'n'^ Hence, n 1 has an inverse which is impossible since N 1 < A.
Thus, N is the unique maximal ideal of A. have for any n* e N* that there exists an integer j such that n%^ e (N, 0), i.e., n* J = Zn^ x a ^ where n. E N and e a-^ £ Fj. There exists an integer e such that nP =0 for all i in the above sum since N is a nil ideal. Thus, e _e e e ( n* J ) P -ZnT x a^ = 20 x a^ = 0. Hence, n* is nilpotent. i i Thus, N* is a nil ideal. Since A/N = A*/N* (see Diagram 3) and since A/N is a field, N* is a maximal ideal of A*. Thus, by a similar argument as in Lemma 3.13 , N* is the unique maximal ideal of A*. Hence A* is a quasi-local algebra over K. Since N* is thus a prime ideal, it is unique. Therefore, A* is a quasi-local algebra over K.
IV. EXAMPLES
In this chapter, we give some examples illustrating Theorem 2.5. Throughout this chapter, J stands for the integers mod p, a prime, K denotes the field J (s, t) where s and t are independent indeterminates over J , and The next example is one of an algebra A over a field K which does not split with respect to a given ideal, but for which there exists an A' < A which has a commutative diagram.
As a preliminary, we need the following lemma. is split exact.
